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THIS STUDY RELATED TO DISCOVERY HETHODS OF TEACHING AND 
LEARNING WAS CONCERNED WITH TWO MAJOR QUESTIONS. FIRST, CAN 
"WHAT IS LEARNED* THROUGH MATHEMATICAL DISCOVERY BE 
IDENTIFIED AND TAUGHT BY EXPOSITION WITH EQUIVALENT RESULTS. 
SECOND, HOW DOES "WHAT IS LEARNED* DEPEND ON PRIOR LEARNING 
AND ON THE NATURE OF THE DISCOVERY TREATMENT ITSELF. IN A 
PREVIOUS STUDY, GAGNE AND BROWN FOUND THAT DISCOVERY GROUPS 
WERE BETTER ABLE TO DERIVE NEW FORMULAS THAN WERE RUl E-GIVEN 
GROUPS. IN THE PRESENT STUDY IT WAS HYPOTHESIZED THAT (1) 

WHAT WAS LEARNED BY GUIDED DISCOVERY IN THE GAGNE AND BROWN 
STUDY CAN BE PRESENTED BY EXPOSITION WITH EQUIVALENT RESULTS, 
12) PRESENTATION ORDER IS CRITICAL WHEN THE HINTS PROVIDED 
DURING DISCOVERY ARE SPECIFIC TO THE RESPECTIVE FORMULAS 
SOUGHT RATHER THAN RELEVANT TO A GENERAL STRATEGY, AND (3) 
PRESENTATION ORDER IS NOT CRITICAL WHEN THE PROGRAM 
EFFECTIVELY FORCES THE STUDENT TO LEARN THE GENERAL STRATEGY 
IRRESPECTIVE OF THE EXPOSITION CR DISCOVERY LEARNING METHOD. 
ONE OR TWO OF FOUR PROGRAMS— RULE GIVEN (R) , DISCOVERY (D) , 
GUIDED DISCOVERY (G) , AND HIGHER-ORDER EXPOSITION (E)— WERE 
ADMINISTERED TO SEVEN GROUPS— R, RD , DR, RG, GR, RE, AND ER. 
ALL STUDENTS WERE REQUIRED TO DERIVE NEW RULES WITHIN THE 
SCOPE OF THE IDENTIFIED HIGHER-ORDER RULE. AS HYPOTHESIZED, 
GROUPS R AND RD PERFORMED AT ONE LEVEL WHICH WAS RELIABLY 
BELOW THE COMMON LEVEL OF THE OTHER FIVE GROUPS. TWO POINTS 
OF EMPHASIS IN THE CONCLUSION AND IMPLICATIONS WERE (1) "WHAT 
IS LEARNED* DURING GUIDED DISCOVERY CAN AT LEAST BE 
IDENTIFIED AND TAUGHT BY EXPOSITION WITH EQUIVALENT RESULTS, 

AND (2) IF A PERSON ALREADY KNOWS THE DESIRED RESPONSES, HE 
IS NOT LIKELY TO DISCOVER A HIGHER ORDER RULE BY WHICH SUCH 
RESPONSES HAY BE DERIVED. (RP) 
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"What ic Learned" in Matheuatical Discovery 

Joseph M. Sccndura Willian G. Rouchcad 

University of Pennsylvania and North Georgia College 

The concern v/ac twofold: (1) can what is learned in 

mathematical discovery bo identified and taught by exposi- 
tion with equivalent results and (2) how does "v/hat is 
learned" depend on prior learning and on the nature of 
discovery* It was hypothesized that discovery £S may 
discover higher-order rules for deriving rules* Four 
programs, rule-given (R), discovery (D) , guided discovery (G), 
sjid higher-order exposition (E) wore administered to seven 
groups: R, RD, DR, RG, GR, RE, ER. All Ss were required 

to derive new rules within the scope of the identified 
higher-order rule* As hypothesized, groups R and RD performed 
at one level which was reliably (p-<C*001) below the common 
level of the other five groups* Theoretical and practical 
implications were discussed* 



Teaching CollCoC StuOen.^s How to Learn Mathematics 

(•'-./hat is Learned'' in Mathematical Discovery^) 

Joseph M. Scandura William G. Roughead 

University of Pennsylvania and North Georgia College 



One of the fundamental assumptions underlying many of the 
new mathematics curricula is that discovery methods of teaching 
and learning increase the students* ability to learn new content > ' 
(e.g., Beberman, 1S58; Davis, I96O; Peak, 1963). The last decade 
of research on discovery learning, however, has produced only 
partial and tentative support for this contention. Even where 
the experiments have been relatively free of methodological 
defects, the results have often been inconsistent (e.g«, see 
Ausubel, 1961 ; Kersh & -ittrock, 1962). More particularly, 
the interpretation of research on discovery learning has been 
made difficult by differences in terminology, the tendency to 
compare identical groups on a variety of dependent measures, 
and vagueness as to what is being taught and discovered. 

While most discrepancies due to differences in terminology 
can be reconciled by a careful analysis of what was actually 
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done in the experiments (e*g«, Kersh & Wittrock» 1962) and thus 
present a relatively minor problem, the failure to equate ori- 
ginal learning has often made it difficult to interpret transfer 
(and retention) results in an unambiguous manner* Thus, several 
studies (e.g«, Craig, 1956; Wittrock, 1963) have shown that rule- 
given groups perform better on "near" transfer tests than do 
discovery groups. The obtained differences, however, may have 
been due to the fact that the discovery groups did not learn the 
originally presented materials as well as the rule-given groups. 

When the degree of original learning was equated, Gagne 
and Brown (1961) found that their discovery groups were better 
able to derive new formulas than were their rule (i.e., formula) - 
given groups. They attributed this resu] c to differences in 
"what was learned" but added that they were \mable to specify 
precisely what these differences were. On the basis of an anaiy-' 
sis of the experimental programs used by Gagne and Brown (1961) , 
Eldredge (in Della-piana, Eldredge, 8e Worthen, 1965) hypothe- 
sized that the differences found by Gagne and Brovm (1961) were 
due to uncontrolled factors. Eldredge conjectured that if the 
treatment differences were limited to the order of presentation 
of the discovery hints and the to-be-learned formulas, no dif- 
ferences in transfer ability would result. However, Eldredge *s 
results contradicted his hypothesis. In subsequent studies, 
Guthrie (196?) and Worthen (196?) obtained similar sequence 
effects. 

2 

Using the Set-Function Language (SFL) as a guide, Scandura 
(1966) proposed an analysis of discovery learning that seems to 

2 

In the SFL, the principle or rule, rather than the cissocia- 
tion, is viewed as the basic unit of behavior* In fact, it has 
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be in accord vdLth experimental findings. The main point was 
that in order to succeed, discovery Ss must learn to derive so- 
lutions whereas solution-given Ss need not. In attaining cri- 
terion, discovery Ss may discover a derivation rule by which 
solutions to new, though related, problems may be derived* Under 
these circumstances, discovery Ss would be esqpected to perform 
better than esqpository Ss on tasks which are within the scope 
of such a derivation rule. If the new problems presented have 
solutions beyond the scope of a discovered derivation rule, how- 
ever, there would be no reason to expect discovery Ss to have 
any special advantage.^ 

This study was concerned with two major questions. First, 
can "what is learned" in mathematical discovery be identified 
and, if so, can it be taught by exposition with equivalent 
results? Second, how does "what is learned" depend on prior 
learning and on the nature of the discovery treatment itself? 

The SFL was used as an aid in analyzing the guided discovery 
programs used by Gagne and Brown (1961) and Eldredge (Della-Piana, 
Eldredge, and Worthen, 1963) to determine "what was learned." As a 
result of this analysis, we were able to devise an expository 



been shown that both associations and concepts may quite naturally 
be viewed as specied cases of the rule. The denotation of a rule 
was defined as a set of functionally distinct stimulus-response 
pairs-- the instances of the rule* The rule itself (i.e*, the 
underlying unit of knowledge) was characterized as an ordered 
triple (D, 0, R) where D refers to those stimulus properties 
which determine the corresponding responses, and 0 refers to the 
operation or transformation by which the derived stimulus pro- 
perties or (Internal) responses in the set R are derived from the 
properties in D* For more details, the reader is referred 
elsewhere (Scandura, 1966, 196?a, 1967b). 

^In this discussion, the terms "solution" and "derivation 
rule" may be replaced by the more general terms, "response" and 
"rule," respectively. 
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statement of the derivation rule* In the manner described by 
Scandura, Woodweurd, and Lee (1967)1 we were also able to deter^ 
mine, on an a priori basis, which kinds of transfer item could 
be solved by using this derivation rule and which could not* 

Assuming that transfer depends only on whether or not the 
derivation rule is learned, the order in which the formulas 
(i«e., the solutirns) and the derivation rule are presented 
should have no effect on trcmsfer provided S actually learns 
the derivation rule. If, on the other hand, a discovery program 
simply provides an opportunity to discover and does not guide 
the learner through the derivation procedure, sequence of pro- 
sentatlon might have a large effect on transfer. That is, if a 
capable and motivated subject is given appropriate hints, he 
might well succeed in discovering the appropriate formulas and in 
the process discover the derivation rule. It is not likely, how- 
ever, that he would exert much effort when given an opportunity 
to discover a formula he already knew. Something analogous may 
well have been involved in the studies by Eldredge (Della-Plana 
et al, 1965)* Guthrie (196?)* and Wor then (I967). 

In particular, the following hypotheses were made. First, 
what was learned by guided discovery in the Gagne and Brown (I96I) 
study can be presented by exposition with equivalent results. 
Second, presentation order is critical when the hints provided 
during discovery are specific to the respective formulas sought 
rather than relevant to a general strategy (i.e., a derivation 
rule). Third, presentation order is not critical when the pro- 
gram effectively forces S to learn the derivation rule, regard- 
less of whether the learning takes place by exposition or by 
discovery. 
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METHOD 




Materials #- There were seven treatnents# Each consisted of 

a common introductory program followed by various combinations of 

four basic instructional programs* The introductory program was 

designed to generally familiarize the Ss with number sequences 

and %rith the terminology used in tbe four basic programs* In 

particular « four concepts were clarified: sequence; term value | T^{ 

XL 

term number « n; and sum of the first n terms of a sequence » ^ • 
Each of the four basic Instructional programs was based on the 
Same three arithmetic series and their respective summing formu- 
las: 1 + 3 + 5 +*••+ (2n-l) ^n^ 5 2 + 6 + 104-«*#-f (4n-2) )2n^j 

1 + 5 + 9+«*«+ (4n-3) ^(2n-l)n* Following Gagne and Brovn 

(1961) f each series was presented as a three-row display— e*g*« 



Term number 


n : 


1 


2 


3 


4 


• •• 


Term Value 




2 


6 


10 


14 




Sum 


r* 


2 


8 


18 


32 





The rule and example (R) program consisted of the three series 
displays together with the respective summing formulas* The 
presentation of each summing formula was followed by three appli- 
cation problems— e*g*, find the sum of 2 + 6 + 10 (b 2*3 bIS)* 

S was also required to write out each formula in both words and 
symbols, but no rationale for the formula was provided* 

The three other basic programs included differing kinds of 
directions and/or hints as to how the summing formulas might be 
determined* The expository (E) and highly guided discovery (6) 
programs were based on a simplified variant of that derivation 

a 

Copies of the experimental materials used are included in 
Roughead^s (I966) dissertation and in Scandura^s (1967b) final 
report* 










rule presumably learned by the guided discovery Ss in the Gagne 
and Brown (1961) study* The identified derivation rule can be 
stated. 



”••• formulas for may be written as the product 
of an expression involving n (l«e., f(n) ) and n 
itself. The required expression in n can be obtained 






by constructing a three columned table showing: (1) 

the first few sums ^ , (2) the corresponding values 

of n, and (3) a column of numbers f(n) /n which 

when multiplied by n yields the corresponding values 

of S Next, determine the expression f(n) sT~°/n 

by comparing the numbers in the columns labeled n and 

/n and uncovering the (linear) relationship between 

them. The required formula is simply 51*^ = n •f(n).” 

As a^ example, consider the display. 

Term number n: 1 2 3 ^ ••• 

Term value T : 2 6 10 1^ ••• 

n 

Sum ; 2 8 l8 32 

The three-columned table would look like, 

f(n) n 2?" 




1 

2 

3 

4 



2 

8 

18 

32 



• • • ^ 

2n n 2n 

The emerging pattern f(n) = 2n; so, 21^ = 2n«n a 2n^# 

The E program consisted of a simplified statement of the 
derivation rule as it applied to each of the three training 
series. To insure that S learned how to use the derivation rule. 



. • W a’*'-' V t/,U^vVA‘ 
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a vanishing procedure was used which ultimately required S to 
apply the procedure without any instructions* The 6 program 
paralleled the £ program in all respects. The only difference 
was that the G program consisted of questions whereas the £ 
program consisted of yoked direct statements, each followed by 
a parallel question or completion statement to see whether S 
had read the original statement correctly. For example, the 
£ statement, *'When n = 3$ you can multiply 6 times n to get 
= 18. V7hat times n gives 21^ = l8?” corresponded to the 
question, "When n = 3i what times n gives 2? = 18?" v/hich 
appeared in the G program. Since the degree of overt responding 
was held constant, the only difference between the E and G 
programs was whether the information was acquired by reception 
or by reacting to a question (i.e., by discovery). The dis- 
covery (D) program, on the other hand, simply provided S with 
an opportunity to discover the respective summing formulas. 

S was guided by questions and hints which were specific to the 
formulas involved (e.g., "the formula has a 2 in it") rather than 
relevant to any general strategy or derivation rule. The questions 
and hints were interspersed with liberal amounts of encouragement 
(e.g., "Good try," "You can do it," etc.) to provide motivation. 

There were two transfer tests. The within*-Bcope transfer 
test consisted of two new series displays which could be solved 
by the identified derivation rule. These series and their re- 
spective summing formulas were 3 * 3 + 7 +•••+ (2n + l)i».(n + 2)«n 
and 4+10+16 +...+(6n - 2)«H^(2n + l)*n. The extra-scope 
trensfer test involved the sefies, 2 + 4 + 8 +...+ 2*^-^(2Tj^ - 2) 

= (T^ + 1 - a) and 1/3 + 1/6 + lA2 +...+ (j/n(n + iJ-^nAn + 1) 

2 

s n T^, which, strictly speaking, were beyond the scope of the 
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identified derivation rule. A series of hints, paralleling 
those used in the D program, were constructed to accompany each 
test series* 

The introductory and treatment programs were mimeographed 
and stapled together into separate 5 1/2” x 8 1/2” booklets* 

The four transfer series were presented on separate pages in a 
test booklet in the same three-row form used in the learning 
programs* The hints were put on 3” x 7” cards, bound by metal 
rings* 

Subjects, Design, and Procedure*— The naive Ss were 105 
(103 females) junior and senior elementary education majors 
enrolled in required mathematics education courses at the Florida 
State University* Participation was a course requirement* 

The Ss were randomly assigned to the seven treatment groups* 
In addition to the common introductory program, the rule-given 
treatment group (H) received only the R program* The other six 
treatment groups received the R program together with one of the 
other three basic instructional programs* The RE, R6, and RD 
groups, received the R program followed by the E (expository), 

Q (guided discovery), and D (discovery) programs, respectively, 
while the ER, 6R, and DR groups received these same respective 
programs in the reverse order* 

The Ss were scheduled to come to the experimental room in 
groups of four or less and were arranged at the ends of two tables 
which were partitioned to provide separate study carrels* A brief 
quiz was used to screen out any Ss who were already familiar with 

cr 

^The derivation rule, however, was potentially generalizable 
to the extra-scope series* 
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number series and/or formulas for summing them* Then, they were 
told« 

*'This is an experiment in learning mathematics* You 
will be given two programmed booklets to study* You are 
expected to try to learn* You should work at a good pace, 
but read everything for understanding.*** If you have an 
error, don't change your answer, but write the correct answer 
\mder your original answer* If you cannot respond to a 
question within a minute or so, put an "X" in the blank and 
continue* You should, of course, look back at the question 
after finding the answer to be sure you understand**.*" 

The Sa worked at their own rate. E recorded the times taken on 
the introductory and treatment booklets* 

As soon as all of the Ss in the testing group had completed 
the treatment programs, they were told to review for a test* 

After two minutes, the booklets were collected and the tests and 
hint cards were presented* The Ss were instructed, 

"On this test you will be timed* You also will be 
provided with hints to aid you when necessary* The less 
time it takes you and the fewer hints you need on a given 
problem, the better your score* You will be asked to find 
the formula for four new problems on this test* On each 
problem, you will have 3 minutes to find the correct sum- 
ming formula. You should show any necessary work in your 
booklet* When you get an answer, raise your right hand 
immediately* Like this! Try it!*.. I'll tell you whether 
you are correct or incorrect* If incorrect, continue 
searching for the answer. Be sure to show me your answer 
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quickly so that you get the best possible time score* ••• 
When I tell you that the ^ minutes are up. If you have not 
found the formula,, you may begin using the hints* You may 
use as many of the hints as you wish, euid when you wish, 
after the 3 minute period* But remember, the fewer hints 
you use, the better your score**' 

Before continuing on to the second problem, each S read all of 
the hint cards pertaining to the first problem* The four Ss 
In each testing group began each problem at the same time* If 
an S solved a problem before the others, he was allowed to read 
the rest of the hints for that problem and, then, was required to 
wait for the others to finish* Before being released, the Ss 
were asked not to discuss particulars of the experiment with 
others who might participate* 

Three Indices of performance on the transfer tasks were 
obtained: (1) time to solution, (2) number of hints prior to 

solution, amd (3) a weighted score similar to that used by Gagne 
and Brown (1961)* The weighted score was equal to the time to 
solution In minutes plus a penalty of 4, 7t 9i or 10 depending on 
whether S used 1, 2, 3i or 4 hints, respectively* Theoretically, 
a range of scores from 0 to 20 was possible on this measure* 
Standard analysis of variance procedures were used to analyze 
the data after Cochran's C test failed to detect heterogeneity of 
variance* 

RESULTS 

Treatment Programs* — All treatment groups performed at 
essentially the same level on the Introductory program, both In 
terms of time to completion ( F(6, 93) s 1*?4, p>*03) and number 
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of errors ( F(6, 98 ) = 1#35* p'>*05)» Since the number of frames 
varied among the treatment programs, no overall comparisons were 
warranted#^ 

Performance on Learning and Transfer Tests *-- The results 
on the within-scope transfer test conformed to prediction* Ir- 
respective of the transfer measure used, the group (p) given the 
formula program only and the group (RD) given the formula program 
followed by the opportunity to discover program performed at one 
level ( F(l, 28 ) < 1 ) while the other five groups performed at a 
common ( F(^,70) <1) and significantly higher level (1, 98) 

= 32 . 66 , p<. 001 ; ( 1 . 98 ) = 54.52. p<. 001 , 98 ) 

= 57*99* p<*001). In particular, only that sequence effect 
involving groups RD and DR was significant (p <*01) • 

While there were no overall treatment differences on the 
extra-scope transfer test (maximum F( 6 , 98 ) = 1*31« P>*05)* the 
contrast between groups R and RD and groups DR, RG, GR, RE, and 
ER attained a borderline significance level (F^^^^^Cl, 98 ) = 3*66, 



05 <p^* 10 ; 98 ) = 4*02, p ■^* 05 * 



weighted 



(1, 98) = 4.61, 



M 

p<’#05)* There were, however no reliable performance differences 



Still, it is interesting to note that those groups which 
received the R program first, in each case, spent less time on 
the learning program than did the corresponding groups who re- 
ceived the R program last. The differences, however, were not 
reliable at the .05 level (see table 1). 

n 

In a study on rule generality, Scandura et al (I 967 ) obtained 
a similar extra-scope transfer effect. While no extra-scope trans- 
fer was almost luiiversally the case, one of the rules (i.e., ”50 
X 5 O”) introduced was apparently generalized (to ”n x n”) and 
thereby provided an adequate basis for solving an extra-scope item. 

While not sufficient as presented, potentially, the deriva- 
tion rule introduced in this study could also be generalized. In 
fact, the first hint available on item 3 provided a basis for making 
appropriate modifications in the derivation rule so that transfer 
to this item was possible (but less likely than on the within-scope 
test). Similarly, although item 4 involved fractional term values. 
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betvreen: (1) the guided discovery (R6 and OR) groups and the ex- 
position (RE and £R) groups (F <1) , (2) those guided discovery and 
exposition groups (RG and R£) given the formulas first and those 
groups (GR and £R) given the formulas last (F<1)| (3) the oppor- 
tunity to discover— formula-given (DR) group and the four guided 
discovery and exposition groups (F<1), or, most critically, 

(4) between groups DR and RD (F<1)« 

These transfer effects can not be attributed to differences 
in original learning. A learning test embedded within the common 
R program, indicated that the Se had w^l-learned the appropriate 
summing formulas to the three training series before they took 
the transfer tests. The group means ranged from ^.3 to 6.0 with 
a possible maximum of 6.0 and. minimum of 0.0* 

DISCUSSION AND IMPLICATIONS 

Two points need to be emphasized. First, "what is learned" 
during guided discovery can at least sometimes be identified and 
taught by exposition— with equivalent results. While this con- 
clusion may appear somewhat surprising at first glance, further 
reflection indicates that we have always known it to be at least 
partially true. As has been documented in the laboratory (e.g., 
Kersh, 1958 ) as well as by innumerable classroom teachers of 



the summing formula could be obtained by a relatively simple ex- 
tension of the derivation rule presented. Although educated 
guesses can be made as to the sources of this transfer, the under- 
lying mechanisms are not well understood. John Durnin and the 
first author have a study underway which may provide some of the 
necessary information. 

For these reasons and because the results on the extra-scope 
test were subject to possible transfer effects of testing on the 
within-scope test, caution is advised in interpreting the extra- 
scope results. We originally included the extra-scope test to 
obtain experimental hypotheses and not definitive information. It 
should be emphasized, however, that these comments in no way apply 
to the clear results on the within-scope test* 
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2 

fflathemtttics, it is equally possible to teach rules (e«g«y n ) 
by exposition and by discovery. No one to our knowledge, however, 
had ever seriously considered identifying '*what is learned*' in 
discovering rules in addition to the (discovered) rules themselves* 
In the present study, we were apparently successful in identifying 
a derivation rule— i*e., a rule for deriving first order rules* 

No differences in the ability to derive new (within-scope) formulas 
(i*e*, first order rules) could be detected between those S^s who 
discovered a derivation rule and those who were esqplicitely given 
one* 

What we did not do in this study was to consider the pos- 
sibility that our discovery S^s may have acquired a still higher 
order ability— namely, and ability to derive derivation rules * A 
strictly logical argument would seem to indicate that an indeter- 
minate number of higher order abilities might exist* As soon as 
one identifies "what is learned" by discovery in one situation, 
the question immediately arises as to whether there is some still 
higher order ability which makes it possible to derive the iden- 
tified knowledge* In so far as behavior is concerned, of course, 
it is still an open question whether such higher order derivations 
rules do exist in fact* Whether they do or not, there are un- 
doubtedly a large number of situations where, because of the com- 
plexity of the situation, "what is learned" by discovery may be 
difficult, if not impossible, to identify* In these situations, 
there may be no real alternative to learning by discovery* 

Nonetheless, intuition-based claims that learning by self- 
discovery produces superior ability to solve new problems (as 
compared with learning by exposition) have not withstood experi- 
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mental test* The value to transfer ability of learning -by dis- , . 
covery does not appear to exceed the vsilue of .learning by some 
forms of exposition. Apparently, the discovery myth has come 
into being not so much because teaching by exposition is a poor 
technique as such but because what has typically been taught by 
exposition leaves much to be d«=» 8 ired. Before definitive pre- 
dictions can be made, careful consideration must be given to 
"what is learnedf" the nature of the transfer items, and the re- 
lationships between them. As we identify what it is that is 
learned by discovery in a greater variety of situations, we shall 
be in an increasingly better position to impart that same know- 
ledge by exposition* 

The second point to be emphasized concerns the sequence 
effect— if a person already knows the desired responses, then he u 
is not likely to discover a higher order rule by which such re- 
sponses may be derived. An extrapolation of this result suggests 
that if S knows a specific derivation rule, then he may not dis- 
cover a still higher order derivation rule even if he has all 
of the prerequisites and is given the opportunity to do so. The 
reverse order of presentation may enhance discovery without making 

Q 

it more difficult to learn more specific^ rules at a later time. 

In short, prior knowledge may actually interfere in a very sub- 

9 

stantial way with later opportunities for discovery. 

Why and how sequence affects "what is learned" is still open 
to speculation. In attempting to provide some clarification. 



o 

ERIC 



Whether the rather vague (non-specific) term "specific," 
used above, refers to lower order rules, less general rules 
(e.g., Scandura 1967), or both is an open but extremely 

importsmt question. 

9 

In spite of this fact there may be some advantages inherent 
in learning more specific rules. Although data are practically 
nonexistent on this point, it is quite possible that specific 
rules may result in shorter response latencies. 
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Gutbrie (1967« 48) has suggested that rules in verbal learning are 
analogous to the unconditioned stimuli in classical conditioning« 
while not giving rules results in behavior more closely approxi- 
mate to that observed in operant conditioning* Unfortunately, 
the analogy is a poor one* Not only does it provide little in 
the way of explanation, but the analogy itself is incorrect* To 
insure learning, for example, unconditioned stimuli must appear 
contiguously or shortly after the to-be-conditioned stimuli y^t, 
in learning rules by exposition, the rules (i*e*, the "uncondi- 
tioned stimuli") are presented first auid then the stimulus in- 
stances (i*e*, the "conditioned stimuli")* Perhaps what Guthrie 
means is that once learned , rules may act in a manner similar 
to the reflexes of classical conditioning* Rules (and reflexes) 
"tell how to get from where to where", eliciting stimuli only 
provide the occasion for such actions* Yonge (1966, ll8) has 
offered a more reasonable esqplanation in terns of the total struc- 
ture of prior experiences, but it was formulated in relatively 
imprecise cognitive terms* 

Our own interpretation is as follows* When S is presented 
with a stimulus and is required to produce a response he does not 
already know, he necessarily must first turn his attention to 
selecting a rule by which he can generate the appropriate re- 
sponse* In effect, S must adopt a secondary goal (l*e*, find a 
rule) before he can hope to obtain his primary one (i*e*, find 
the response)* To achieve this secondary goal, S is forced to 
come up with a derivation rule, which might well be adequate for 
deriving other rules in addition to the one needed* The kind and 
amount of guidance given would presumably help to determine the 



o 
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precise nature of the derivation rule so acquired* On the other 
hand, if S adready knows the response, it is not likely that he 
will waste much time trying to find another way to determine that 
response* Under these conditions, the only way to get S to adopt 
a secondary goal is to change the context* Presumably, the exposi- 
tory and guided discovery Ss in this study learned the derivation 
rule because this appeared to be the desirable thing to do* Some 
such mechanism may prove crucial to any theory based on the rule 
construct and framed in the SFL (Scandura, 1966, 1967ai 196?b)* 

The obtained sequencing result may also have important prac- 
tical implications, as will be attested to by any junior high 
school mathematics teacher who has attempted to teach the "meaning*' 
underlying the various computational algorithms after the children 
have already learned to compute* The children must effectively say 
to themselves something like, "I already know how to get the 
answer* Why should I care why the prodedure works?" Similarly, 
drilling students in their multiplication facts before they know 
what it means to multiply, may interfere with their later learning 
what multiplication is* Let me make this point clear, because it 
is an important one* We are net saying that we should teach 
meaning first simply out of some sort of dislike for rote learning — 
for certain purposes rote learning may be quite adequate and the 
most efficient procedure to follow* What we are saying is that 
learning such things as how to multiply, without knowing what 
multiplication means, may actually make it more difficult to learn 
the underlying meaning later on* 
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NAME 



CLASS 

Tills test is to see how much you may already know about the topic 
discussed in the programs. Do not be disappointed if you can not provide 
answers. Place an x in blanks for which you are unable to reply to the 
question. 

1. In order to add up the numbers as shown here, 1 + 3 + 54- 
7 + . . . + 199, you could actually add or you could use the rule or 
formula, . 



2. In order to add up the seven numbers shown here, 2 + 6 + 18 + 

54 + 162 + 486 + 1458, you could actually add or Instead you could use the 
rule or formula, . 

3. I have taken and passed the following courses: 

I have taken yeais of algebra in high school; 

I have taken years of geometry in ht^ school; 

I have taken courses numbered ' in college . 

or their equivalent; and I also have taken 



4. M/ mathematics programs have used the (traditional, new) approach, 
(circle one) 



INTRODUCTORY PROGRAM FOR SE.iU]i»jCi3 



(FLEaoE print on THIi; PAGE) 

NAME 

CLAES 

DATE 



PLEASE DO NOT OPEN THIS BOOKLET UNTIL YOU aRE TOLD TO DO SO* 



CONGRATULATIONS ! ! I You have completed the Introduction* 
The time shown on the board is now * Turn in this 

booklet for another^ please* 






mMPLE 



Here Is a sequence of numbers o The ellipsis ( • • o ) means 
that the pattern shovm is to continue on indefinitelyo 
1 4 7 10 13 o • • 

The next two numbers in this sequence are and » 

TUfiN PAGE AFTER ARSaERXRG IN THE BLANKS. 



EXAKiPLE 

Answer: 16 and 19 • 



DO NOT TURN THIS PAGE UNTIL DIRECTED TO DO SO, 



II 



Obviously a sequence may be extended Indefinitely© 

1 7 10 13 16 19 22 25 28 31 . . . 

Each of the numbers in the sequence is called a term^valiie # Thuoj 
the first term-valae is 1, the third term»value is 7« and the 
fourth terin«value is « 



TURN ?aGE aFT£R .tKowbRIU’G Ilvl THE BLANK 



II 



Answer; 10; 




ERIC'- 
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The term-values of the sequexice have a position in the 
sequence 9 In the sequence: 

1 4 7 10 13 . . , 

term- value 1 has the first position, term-value 4 has the second 
position, and so on« We call the position of a term- value its 
term number » Term-value 7 has the position or its term number 

Is » 

TUHN PAGE after i’lNSWERIKG IN TUE 



12 « 

Answer; third/ poeition » terra number three o 



GO TO NEXT PAGE WHEN .READY* 













I3o 



We can write the term number above each term-value « if we 
wish, as shown below o 

Term number: 1 2 3 ^ 3 ^ 7oeo 

Term- value: 1 4 7“ 10 13 o • o 

This form shows that term-value 1 is term number 1, term-value 4 
is term number 2 and term-value 13 is 



IhRN Page after iiRS.vERIKG IN TiiE BLANKS. 



13. 

Answer; Term number five. 



GO TO THE NEXT PaGE WHEN REhDYo 







Just as we can use the letter n to represent the term 

number of any term-valucy we can use Tq to mean the actual term-value 

associated with n« In the following sequence of numbers^ if n = 

then T_ = 7 and if n = 5* then 0? = o 

n n 

Term number » n: 1 2 ^ 4 ^ 6 7o«o 

Term-value » T^^: 1 4 7 10 13 ® o «. 

TURIv i'ixQE, AFTER IN THE BLANK » 



I4« 

Answer: 



GO TO THE NEXT lAGE WHEN RE^vDY. 



15 . 



Term number, n: 1 2 3 ^ 5 6 ?o*. 

Term* value, Tq: 1 4 7 10 13 l6 » <> o 

You are going to learn about summing the term*value8 of a 
sequences X*' means the sum of the first n term*values «. For 
the sequence above, since the sum of the first three term* values 
Isl<f4-i^73l2, then ^ s 12o The superscript 3 on tells us 
to add the first term*values of the sequences 

TUHN PAGE iiFTKH ANSWEHIAG IK THE BLANK. 



15 . 

Answer: three. 



GO TO THE NEXT InGh a’HEN READY. 










l6« 



2 

Since ^ means the sum of the first two terjU'-valuos or 
+ ?2 aod means + ?2 + * 3 o + T^s then regardless o? the 
value given to n« = Tj^ + T2+«o« + T o (Give the last addend.) 

TURK PAGE after AWSWERING IN THE BLrtN.Kc 



160 

Answer: T o 



o 




GO TO THE NEXT tikQE WHiN READY* 
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Let ns briefly review our terns. When we write the actual 
sequence down, we write its successive term* - . 

TURN PAGE AFTER ANS.^ERING IK THE BLANK. 



I 



I7c 

Answer: term-values o 



00 TO THE NEXT PaGE .vHEN HEaDY. 



X8« 



The position nixmber of each term»value in a sequence may 
be called its » 



TURN THE PAGE AFTER ANSWERING IN THE BLANK, 



i8p 

Answer; term number o 



GO TO THE NEXT PAGE WHEN READY, 



o 
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The eyobol used to represent the sum of the first n 
term-values of a sequence is written « 



TURN PnGE HFTi.R aNS.V BRING IN THE BLhNK, 



I9o 

Answer; 2”* 



GO TO THE NEXT PAGE v\ZHEN REhDYo 
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If n s 8« 2.^ means that we wish to eun the first 
term- values of a sequence « 



TURN I'AGE AFTLR AN:SW£RING IN THE BLANK. 



110 . 

Answer: eight » 



GO TO THE NEXT I AGs: WHEN REhDYo 




a ^ 
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While working with emy sequence* you may write out three rows 
of information as below » 

Term number* n:l 2 3 ^ 3 6 7 « 

Term-Talue* T^: 1 4 7 10 13 a * . 

Sum* 2!*^* ^ 5 12 22 o u o 

This form shows the various sums directly below the values of 
n and In other words* 1+4+7 = 12= so 12 goes below 

n s 3 and = 7* The correct sum to put under the term number 3 
and the term-value 13 in this table is • 

TURN PAGE nFTER ANS;vERING IN THE BLANK. 



Illo 

Answer: 33 <» 



GO TO THE NEXT TaGE WHEN READY c 
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Complete the three row form for the sequence shown below. 
Provide answers for each of the underscored positions in the array. 
Term number « n: 1 2 5 

Term^value, T : 0 2 6 8 

Sum« ^ ; 0 2 6 



O • 0 



0 • o 



0 • O 



TURN PhQE after ANSWERING IN ALL THE BLANKS. 



112 o 

Answer: 

Term numbert n: 1 

Term-value* T^^: 0 

Sum* J®: 0 



2 3 ^ 5 “®* 

2 4 6 8 • • . 

2 6 12 20 • • o 



00 TO THE NEXT lAQE WHEN RE^DY. 



O 
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SfiqUJSNCES, Part TWO-^STARTINa TIKE 
(PLEASE PRINT ON THIS PAGE.) 

NAME 

CLASS 



AS SOON j‘iS You HAVE FILLED IN THE mBOVE INFORMATION , PROCEED 
AS DIRECTED. 



CONGRATULATIONS 1 I 1 You have completed your entire lesson 
about sequence suraning. The time shown on the board now is 
On the back cover of this booklet^ would you make any comments you 
wish about these materials* good or bad* too hard* too easy* interesting 
or not* etCo* After you have made your comments* would you please put 
down your pencil o You may look over the booklet if you wish. A 
test will be given to the class over these materials. Thank you. 



In this program, you are to learn how to sum tero*values of 



various sequences by use of a formula* In each case, it will be 
possible to express 4^ & formula Involving n and/or instead 

of actually adding up ^ e * • * T^* As an example, the 

sequence 4, 8, 12, • * • may be summed by use of ^ 

That is, if we wish to sum the first 10 term*values of this sequence, 
4-t-8>»>oe*<f 40, we use the formula and get 2 x 10 x 10 '•> 2 x 10 
or is the sum of the first ten term* values* Different sequences 

%rill have different formulas* 

TURN PAGJ:; aFT^R aNoWERlNQ IN THE BLANK* 



Answer: 2 x 10 x 10 2 x 10 a 200 ♦ 20 s 220* 

On the next page is a new sequence which we want you to be 
able to sum* 

00 TO THE NEXT PAGE WHEN READY* 



RI« 



Term number , 


n: 


i 


2 


3 


4 


3 toft 


Term- value « 




1 


3 


5 


7 


• • o 


Sumy 


X": 


1 


4 


9 


16 


m c 9 



The rule for summing this sequence is = n x n s n^e 
That iSy to find the sun of the first n term^valuesy we only need 
to multiply the number of term-values to be summed by 
Remember the rule* 

TURK PaO£ after aRoWEKIRG IN THE BLANK* 



Rl. 

Answer: multiply the number of term-values to be summed 

itself* (or an equivalent statement) 



GO TO THE NEXT PAGE wKEN READY 



R2« 



Term number^ n: 12 3^3 «»• 

Term-value, T: 1 3 5 7 *o. 

n 

Sum, 1 It 9 16 ... 

As an example of the application of the rule 2" = n x n for 
summing this sequence, suppose we vranted to sum the first three 
term-va3 'eso Then n s 3 and the rule tells us that is x ^ 
or =s o Compare this result with the sum + Tg + 

TURN PiiGje AFTER hNUWERING IN TUE BLAN2 CSc 



R2« 

Answer; 2* 



GO TO THE NEXT PAGE WHEN READY. 



O 








R3. 



Term number* 


n: 


1 


2 


3 4 3 • • • 




Term-value* 




1 


3 


5 7 0 0 9 




Sum* 




1 


4 


9 16 • • • 





The rxile for summing this sequence is = 



words* the sum of the first n term-values is found by 



or in 



When n » 10* JC* ~ 



TURN PAGE AFTER ANiiWERlNG IN THE BLANKS o 




o 

ERIG 




R3. 

r n 2 

** BJLiL2£JL.*’ 

multiply the number of term-lvalues t n, by Itself o 
(An equivalent statement is acceptable*) 

= 100 . 



QO IC THE NEXT PAGE WHEN BEAD!. 



In this progran« you are to learn, how to sum term^values of 
various sequences by use of a rule or formula* In each case« it 
will be possible to express as a rule or formula involving n 
and/or instead of actually adding up + Tg + ® • ® 

On the next page is a sequence we want you to be able to sum* 

GO TO THE NEXT lAGE WHEN HEADY. 






Term number^ n: 1 2 3 4 5 ••«> 

Term-value t T^^: 2 6 10 14 • « o 

Shb, Jf: 2 8 18 52 . . , 

The rule or formula for summing thle sequence is 
X** « 2n^ s (2) X (n) X That is, to find the sum of the first n 
term- values, vre need only to multiply together n times n and 
Remember this rule* 

TURN lAQlS .iFTER .iNiJ^ERING Jli TUE BL.iNKc 



R4o 

Answer: 2* 



GO TO THE NEAT rAGE WHEW READY « 



R5. 



Term numbery n: 123^3 ••• 

Term-value • T : 2 6 10 • 

n 

Sub, 2"' 2 8 18 33 ... 

n 2 

A8 an example of applying the rule 2 ~ 2n% suppose we want 
to find the sum of the first three term-values without actually 
adding T^^ -i> T2 ^ T^» Since we would have n s 3» then 2^ would be 

U)x(_JX(_J = 9 Compare this result with the sum shown in 

the table* 

TURN PAGE AFTER AiNSWERING IN THE BLANK. 




r 
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In this prograiQy you are to learn how to eun term-valuee 



of ¥arlou8 sequences by use of a rule or formula* In each case, it 

will be possible to e 3 q>ress as a rule or foraula involving n 

sndi/or T„ instead of actually adding up T e 

n • X c n 

On the next page is a sequence we want you to be able to sum* 

60 TO THE NEXT I'aGE WHEN READY* 



R5. 

Answer: 2 * 2 * ^ 



GO TO THE NEXT RAGE WHEN REiiDY* 



Term number* 


n: 


1 


2 3 


^ 5 0 • o 


Term- value* 




2 


6 10 


1^ • • o 


Sum* 




2 


8 18 


32 . . c 


The rule for this 


sequence 


i. r = 


or in words. 


multiply two times 








# 


If n = 10* then a 




• 







TURN PAG£ aFTLR aNoWERING IN THE BLANKS, 



R6, 

Answer: r* = 2nf or That is* two times 

n squared or two times n times n again. Thus 

when B is 10 « is 200, 



GO TO THE NEXT PAGE WHEN READY, 



R7 



Term Humbert 


n: 


1 


2 


3 


4 


3 • 0 • 


Term* value t 


^n= 


1 


5 


9 


13 


• • • 


Sufflt 


V: 


1 


6 


15 


28 


• • « 



The nile for summing this sequence is = (2n-l) x (n)# 

That iSt to find ^ for a given value of n^ we multiply the value 
of one less than twice n by <, Remember the rule* 

T^KN PaOK aFTER h.MJWERING IN THE BLARKS. 



R7. 

Answer: n* 



GO TO THE NEXT PAGE ;yii£R REmDY* 







in laSiii^eMaiSifea 



' r, .//il-r.'V 





Term nuaber, a: 
Term-value, T,^: 

Sum, 



12345 

1 5 9 13 • 

1 6 15 28 o 



• ♦ 



Let U8 apply the rule J,” s (2n-l) x (n) to find Since 

n s 3, we get = (5) x (3) = 13«» Compare this result with the sum 
shomi under n ^ 3 In the table* Notice that 2n-l is found before 
multiplying by n» For n = 3* 2n-l =j(2) x { jj - 1 = * 



TURN i-AGi; AFTER ikNJWbraNG IN TUF. BLANKS. 



R8o 

Answer: jj2) x - l = 6 *>ls^* 



ERIC 






GO TO THE NEXT FAGii WHEII REnDYo 



R9* 





Tern number. 


n: 1 


2 3 


4 


^ 0 9 0 




Term- value , 


T : 1 

n 


5 9 


13 


0 O 0 




Sum, 1 


r-- 1 


6 13 


28 


0 0 O 




The rule for this sequence 


isr = 




or in words 


the 


sun is the quantity 








times n* 


For 


n s 10, we find T*' 




h 







TURN iiFTLH iiNa.vLRING IN THE BL«iNKS 



R 9 o 

Answer: = (Rn»l) x (n) . 

The sum is the quantity two a minus one tines n* 
(Equivalent ' atements are acceptable*) 

(19) X (10) = IgO. 

GO TO THE NEXT i^AGE WHEN HEADY. 



erIc 



* . A 



R 10. 



In review, if asked to sum the sequence 
you should use the rule or formula 
To sum the sequence 2, 6, 10, 14, , • *, use 
To sum the sequence 1, 5» 9t 13 $ • • • use 21*^ = 



TURN PAGi:; ANS.Vi^RlNG IN THE BLANKS. 



R lOo 

2 

Answer: n x n or n . 

2 X n X n or 2n . 
n X (2n -> 1) 0 



GO TO THE NEXT PAGE WHEN REnSY. 




Rile DO fiOT TURN BnCK TC i:,,.RLIEH PhGxJ^ FOR THiv. .J'lwTlON, 




Terra n\iinb«r. n; 



To sum ^ Term^value, T^: 



Suffi» 



Z": 



1-2545 

15 9 1} 

1 6 15 28 



0 9 0 



0 9 9 



9 9 0 



use 



If = 




To sun 



To sum 




Terra number, n: 








Term number) 



1 “: 



n: 



Term- value, T ; 

Sura, : 



12}^ 

1357 

1 4 9 16 

1234 

2 6 10 14 

2 8 18 32 



• • • 



a • a 



« a o 



o a a 



» n o 



a e a 



use 



use 



NO PROVIDED FOR THli> hDD^TION. 

GO TO THE NEXT ..UESTION /^HETi REaDY. 



B12< 



DO NOT TURN BnCK TO EnRLlER rAG^ FOR THIi^ ,>^UESTION. 



To sum 



L 



Term number, n: 


1 


2 


3 


4 


^ d 9 9 






Term-value, T s 

3 


2 


6 


10 


14 


0 9 0 


use 


If = 


Sum, 


2 


S 


18 


32 


9 9 9 






Term number, n: 


1 


2 


3 


4 


3 0 9 9 






Term- value, T^^: 


1 


5 


9 


13 


0 0 9 


use 


n 

If 


Sum, 


1 


6 


15 


28 


9 0 9 






Terra number, n: 


e9 

1 


2 


3 


4 


3 0 9 9 






Term-value, T^s 

n 


1 


3 


5 


7 


9 9 


use 


r = 


Sam, 


1 


4 


9 


16 


0 9 0 







O 

ERIC 



NO hNG/vORS are PROVIDED FOR Tillo *^Ui^STICK. 
00 TO THE NEXT PAGE WHEN READY. 









£1. Tezs number, n: 1 2 3 4 3 • . . 

Term-value, 1 3 5 . 7 • • • 

Sum, 1 4 9 16 . • • 

' Your job is to find a f'oioaJa for The formula for £ 
can be written as the product of an expreeeion involving n and 
t. itself. . When n » 1, you can multiply 1 times n to get. - 1. 
What times n gives * 1 ? When n « 3» you can moitiply 3 times 
n to get ■ ;? « 9* What' timec ri gives » 9 ? • Let *s make a table 
shoving thede facts.* Fill in the blanks. 

That number which when 

multiplied times n equals S, ' • 

’ ^ 1 1 

•' • * ’ . 2:- .4 : 

3 . 3 ’ 9 • . ■ 

—— . 4 

TURN page after ANSWERING IN ALL BLANKS. 



El. 

iboswer: 1' 



That number which \AiBn 
multiplied times n equals 2T. 






GO TO .THE NEXT *P;.GE .WHIN RfiAWf. 



5 



£2. TeisD num1)er, n: 1 2 5 4 

Tern-value, T^J.l 3 5 7 • • • 

Sun-, 1 4 9 16 . . . 

Complete the table bdloW. Do it! 
That which when 



times 



equals 





TDHN PA6B APTBB ANSWERING IN ALL BLANKS/* 



£ 2 . 



Answer: That number which when multiplied £ ^ * 

times" " n equAle £ • ♦ • — , 



1 

•-L. 

JL 

-i- 



1 ^ 

^ 

4 16 

• mmmmrn mmmmm 



NOTE: To shorten^ the writing, let’s just replace the wor^ 
"that number which when multiplied times p equals 
with, "the multiplier of n.*** • 



• GO TO THE NEXT PAGE WHEW READY. 



Torm number, ns 1 


2 


3 4 


5 . . . 


Term- value, T : 1- 

IX 


5 


5 ' . 


• • 


Sum, Z?* ; 1 


4 


^ 16 . 


• • 


The multiplier of n 




n • 


There is a relationship 


1 

2 




1 .1 , *. 

2 4 


between the first two 


5 




3. 9 


columns. . To find it, deter 



mine how the first column can be obtained from the second; If 3 is 
the second column number, the' first .column number is 5* ' If 5 Is the 

a • 

second column number,* what is the first column number ? The 

first column numbers are the*. same as those in the second* -How can 

• « « 

you get the first column numbers from those' in the second ?* • 

If n stands for an arbitral^ 'second column imber..(i*e*, any second 
• • • • * . • • • 
column number we have in mind), the corresponding first column number 

is n. If n stands! for an arbitrary' second column number, what is 

r 

the corresponding first column number ? 

TUBN PAGE A^ER ANSWERING IN. THE BLANKS.. 



E3. 

Answers 5 

/ * \ • 

They* re the same (an equivalent answer is ok.). 



GO TO THE NEXT PAGE. VON READY 



r 



E-U Toi:c ruiabi:?, •:? l 



t: 

* ' 



?orra-'/{ilur , J : I 
n 

t=‘: 1 



Suit, 



,5 5 r . . . 

4 9 1-5 ... 

Produoo tht aitiri ta'i:3 = ve hrive bean diicui sin^r. Show in 

V , * 

the taCie you c:.n.' 'iru::l telov/ toat i ie r.oci 2 i.r i?i£. tiaes n Do it 
for n = 1, 2, e.TiC\ 4« Whe.i n is the second coluam \elue, the 
firat colujiuT .vrJr-:- n. Uheri n is. the seccnc. .colomn. .valiie, what 

is the sc.‘t Jf. ■ vili-.t f ; • ’'friie. the foiuxi-ii lor ' 

n - • . ■ 

I 2 : n - 



P/i(^ kFim MSi-miHiCr BLAFe:.? IJH) I^iCIHG TA3LE. 






Answers Xo;.c table iaok snie thing’ likei 

(The ..Itiiiifr oX o) a ( 7 } 



.5 

4 



X 1 - 1 

X. 2 ^ 4 

X ■ = 9 

A 



X 4 



16 



XI u is the ceo.ri col-tiion vb^uc# the first column 
val'Jte is n . • ^ 

n ’■ r • 

E '• n- x-n. ~ , . . • 

GO TQ . 'mh iJKxf • py G.?.- vjfiTw R'iim.- . : • 






o 

ERIC 



^ ^ 4,' .1 '« STtJlt 






E3» Tens number, n: 1 



Term- value, T : 2 
n 

Sum, IT • 2 



2 3 4 5 . . . 

6 10 14 • . • 

e 18 .32 . . • . 

Your job is 'to find a formula for The fomula for 

can be written as the product of an expression involving n and n 
itself. When n 1, you can multiply 2 times n to get 21^ » 2. 
Whiat times* n gives if* 2 ? When n * 3» yo^ n^tiply 6 

times n to get I? » l0. What t^es n gives, I?i« 18 ? : Let*s 

make a table shoving these facts. 'Fili in the blanks. 



The multiplier of n 
2 



2 

8 -. . 

■ "t" . ■ 5 18 . 

• • 4 

TURN PAGS AFTER ANSWERING IN ALL BLANKS. 



_n 

1 

2 

3 



E5. 

Answer: 2 

6 



The multiplier of n n 

2 - 1 

-t : I- 

8 .. 4 



2 

8 

18 



GO TO THE NEXT PAGE WHER BEANY. 



• . 



. ♦ * . 



ERIC 









£6. Term number, n: 1 



Term- value, T : 2 
’ n 



2 3 4 5 . . . 

6 10 14 . 

Sum, f ;-2 5 18 32 . . . 

Complete the table below. Do it! 
The • of 



n 



TURN PAGE AFTER AirSVERING IN THE BLANKS. 



E6. . '■ 

Answer; The multiplier of n n 



2 

- 1 - 

6 



1 

2 ' 

5 

JL 



n 



2 

8 

16 



GO TO THE NEXT PACE WHJW* HEADY. 



• / 







2 3 4 5 *. . . 



E7« Texm nuaber, n: 1 

taa-Yalue, T s .2 6 10 14 • • • 

Zt 2 e 18 *32 - . . 



The Bniltiplier of n 
2 

4 

6 



n 

1 : 

2 ’ 

3 



•X 

. 2 

• 0 

16 



Thera is a relationship 
betveeh the first two 
oolunns.^ To find it, deter- 
mine how the first column can be obtained £coa the 'second;^ If 3 is 
the second column* nunberf the first column number is l0« If 3 is 
the second column ntyober, tAat is the first OQlii|m^ number ? The 

m 

first column numbers axe twice those in the second. '8ov pan you get 

• * • • 

the first coli^ numbers f^ those in the second ? • ■ 

If n stands for an 'arbitrary second, column* number, the coimsponding 
first column number is 2n. . If n stands for an bfbitraiy secoxid col- 
umn number, %diat -is the corresponding first column number? 

TUBK PAGE AFTER ANSWERING IN THE BUNKS.' 



E7- 

Answers' 10 

double them pr multiply by 2 or an equivalent 
^ • 2 X a . ' • 



GO TO THE NEXT PAGE bW READY. 



• . 



• • 









t) 



£B. Ten number, n: i 
Ten-value, T : 2 
Sum, 2 



2 3 4 5 • . . 

6 10 14 . . . 

8 18 . 32 . . . 

Produce the* entire table we have been discussing. . Show in 

the table you construct below. that 2; is something t^mes n. Bo it 

• * 

for n « 1, 2, 3f ond 4* When n is the second colimin value, the 
first colu^ value is 2n. When n is the second' colunxn value, 
tdiat is the first column value? Write the formula for 

. , . ... ■ Mil ■ I ■■ ^ 

n •• • ‘ . 

Z » X n « . 1. . . • • 



i . ' 



TORN PAOS AfTER ANSWERING IN BLANKS AND MAKING TABLE. 



B8. * 

Answer: Yo'ur table should lopk something like: 

• ^Tke multiplier of n) x (n) • ^ 

2 . X 1 - -2 

4 * X 2 - *8 ' 

• 6 * X 3 - 18 

8- . X 4* * -32 

If n is the second column value, the first column 
vcdue is 2n. 



2? » ^ X n * 2n^ . 



.GO T0*THE NEXT PAGE WHEN iCSm. 



ERIC 






.v;.Vvs'. 



• • • 



£9. Texai number, n: 1 2 3 4 3 

• • 

Teim-value, T i 1 5 9 13 • • • 

Sum, £sl 6 15 26««. 

Your job is to' find b formula for if*. The formula for I? 
can be written as the produc ; .of an eicpreseion involving n and n 
itself. When n » 1, you ca/i miltiply 1 times n to get » 1. 

What timea n gives I?" « 1’. When n » 3r you can multiply 5 

times n to. get 2? » 15. 'hat tinuss n gives .1? « 15 ? Let*s 
make a table Ohbwiiig thee^ fatita. Fill ii; t^e blanks. 

* •. fne miltlnll/j of n n jc* 

1 X , 

_ • .2 

. . • ■ 3 . 15 

• • • • • ^ 

: . • 4 * . _ 

•i • • . 

. •: i- 

* T0H9 HUE Ali^m ^SWQONG IN THE 8LANKS. 

* » 



E9« 

Answer i 1 



The mult iplier of- n n . f 

*l 11 

5 *.2 6 

• mnSmmm • . 

5 3 15 

JL" . 4 • M 



;C0 TO THE BBC? PACE WHBI HEASl, 






5 



# • • 



EIO.Texm nunbert ns 1 

Term- value, T s 1 
n 



Sub, 



1 



2 5 4 _ 

5 9 13 . . . 

6 15 *28 . . . 



.OoB^lete the table below. ])o it! 

The • • • of n 

_ _ 

ZI •“ 



.TORN PAGE AFTER ANSWERING IN THE BUNKS. 



ElO. 

Answers The ntultinlier of n 



• • 



1 

5 

X 

JL 



r 

_2 

3 

i4- 



GO TO THE NEXT PAGE WHEN R&BY. 



.n 



ze 



■V'Cvy >***» *-» • -> 






• • • 



£11. Term number, n: 1 
Term- value, 1 

Sum, 1 



The multiplier of n 
1 
3 
5 



2 5 4 5 

5 9 15 . . 

•6 15 28 . . 

- JL uiL 



1 = 

2 

3 



1 

6 

15 



There is a relationship 
between the first two 

columns. To find it, deter- 

- • 

mine how the. first cplumn can be obtained i^m- the seconds If 5 Is 
the second cblunoi 'number,' the first column humber is 9*- 1^ 5 ie the 
second column number^ what is the first column number ? The 

first column numbers are one less than two times those in the second 

• • * 

How can you ge.t the .first column numbers from those in the second? 
Take 1 away from what times *n ? If n stands^ for an arbitrary 

second column number, the corresponding first column number is* 2n-l. 

• , ' . 

If n stands for arbitrary, second column number, what im the cor- 
responding first column number ? 

•TORN ’PAGE* AFTER AIISV/ERING 111 THE BLANKS. 



£ 11 . 

Answer: 9 

. - 2 .' • 
2 X n 



- 1 2n-l 



• . 



GO TO the next page WES READY. 



ERIC 









£12.IexB nuBber, n:. 1 2 3 4 3 • • • 

T«zB-value« T t 15 9‘ 15 • • • 

Sub. c t 1 6 15 . 26 . . . 

Psoduce the entire table we have been diaeuaeing.. Show in 

the table you construct below that is aonething times n. Ito it 
fnr n > 1. ,2. 3» a^ 4* Vhen n ia the second column vi^e. the 
first column value is. one leas than -Pn. VQien n is the second col- 
umn value,-, the first ooluodi value is one less than idiat ? 

r% r% 

Write the foimula for . E » x n. 



. TURN PAGE AFTER ANSIVERIRG IN THE filANKS AND MAKING TABLE. 



E12* 

m 

Answer: 



Your table should look something like: 

(The iirultinlier of n) xia)-^JL • 

1 .X 1 • 1 

• 3 A 2 . « 6 

5 . X 3 . - 15 

7 . . ^ X 4 - 28 

If n^ is the second dblumn value, the first column 
value is one less than ^ or (2n^l). 

E*' * (2n-l) x.m 



GO TO THE NEXT PAGE WHEN .READY. 






V<’ »>*>* >' 






D 1. Term number, nt 1 2 3 4 3 « • • 

Term-value, T^i 1 3 5 7 • • • 

Sum, 1 4 9 16 • • • 

Can you write a formula for for this sei^uence? If you 
can, write it here. « . You are supposed to find a formula 

for , If you don't know one, try to find a way to tell idiat 
is for each value of n. You may use the margins for any sorib- 
bling you wish* ho you see a way? ( yea or no)* 

TDBN PAGE AFTER AMSWB91NG IN THE SLANKS. 



O U 

Answer: No answer for is provided for you on this page. 

if. 

e 

Whatever you answered for the vhird blank is 
probably correct, but if you said NO, keep try- 
ing to find a way. YOU CAN DO IT! 



GO TO THE NEXT PAGE WHQ( BEADY. 







*■>/ . J. JVl/ i i.1 , 




0 I 2, Term number, n: 1 2 5 4 3 • • • 

Term-value, T : 1 5 5 7 • • • 

n 

Sum, if: 1 4 9 . 

The desired formula for if involves n. Can you write a 

formula for if? If you can, write it here, if = . You are 

to find a formula for if which involves . If you don't know a 
formula, try to find a way to get if from knowledge of what n is. 
Do you see a way? (yes or no). 

TURN PACE AFTER ANSWERING IN THE BLANKS. 



t> ^ 

Answer: No answer for £ is provided for you on this page* 

n. 

Whatever you answered for the third blank is 
probably correct, but if you said NO, keep trying 
to find a way. YOU CAN DO IT! 



GO TO THE NEXT PAGE ’/ilHEN READY. 



5. Term number, n: 1 



2 



3 



4 5 



• • • 



Term-value, 1 5 5 7 • • • 

Sum, 1 4 9 16 • • • 

The desired formula for t involves n and maltiplication . 

Can you now write a formula for i?? If you car., write it here. 

* . You are supposed to find a formula for. f which in- 
volves « If you don*t know a 

formula, try to get one by ioult:.plication of n. Ito ,vou see a way 
(yes or -lo). 

TURN PAGE APTER AlfSWERING IN THiV BLA18CS. 



0 5 . 



IX 2 

Anawort £ * n x n «* n . 

n and cnaltiplication. 

What>:ver you ansverec in the third 9lank is prob- 
ably correct but if you said NO, bt't^.er luck on 
the next .'squ'-mce— do:'?.*t stop trying*. YOU CAN DO 
IT! 



GO TO THE NEXT PAGE 4m REi\DY. 





















0 4. Tens number, n: 1 


2 


3 


4 


5 . . . 


Term- value, T^: 2 


6 


10 


14 . 


• • 


Sum, if : 2 


8 


16 


32 . 


• e 


Can you write a 


formula for 


if for this sequence? If you 


can, write it here, if 


s 






You are supposed to finri a 



formula for . If you donM know one, try to find a w!iy to 

tell what ^ is for each value < f n. You nay use the margina for 
any scribbling you wish. Do you see a way? (yes or no). 



TURK PAG£ AFTER AJiSir/HRIKC III THD BUKKS. 



D U 

Answer: No answer for ia provided for you on this page. 

f. 

Whatever you ensweied for the third bleu'k is prob- 
ably correct, but if you said NO, Keep trying* to 
find a way. TtOU CAN DO IT! 



GO TO THE NESCT PACE WHEl? READY. 









D Term niimber, n: 1 2 5 4 3 • . . 

Term-value* T^» 2 6 10 14 • • . 

Sum, £ 2 8 18 32 . . . 

The desired foxotala for ^ involves Can you write a 
forottla for 2?? If you can, write it here. I? « . You are 

to find a formula for 2? which involves . If you don't know 

a formula, try to find a way to get ^ from knowledge of what 2n is. 
Do you see a way ? (yes or no). 

TUHN PAGE AFTER iiliSUERING IN TUE BUNKS. 



D 5. 

Answer: No answer for iT is provided for you on this page. 

j 

Whatever you answered for the third blank is prob- 
ebly correct, but if you said NO, keep trying to 
• find a way. YOU CAN DO IT! 



o 



GO TO THE NEXT PAGE WHEtl READY. 















Term number, nt 


1 


2 


3 


4 5 • • • 


Tom- value, T^t 


2 


6 


10 


14 • . . 


o. 

Sum, L ! 


2 


8 


16 


32 . . • 


The desired 


formula for involves muJ tipli cation of 2n. 



Can you now write a foxniula for E^? If you can, write it here* 

8 ■ « You are supposed to find a fonaula for 8 which 

involves , If you don't know a fonu* 

la, try to get one by multiplication of 2n. So you see a way? 

(yes or no). 

TORN PAGE AFTER ANSWERING IN THE BLANKS. 



Answer! • 2 x n x n » 2n . 
multiplication of 2n . 

Whatever you answered in the third blaxdc is probably 
correct, but if you said NO, better luck on the next 
sequence— don't stop trying. YOU CAN BO IT! 



GO TO THE NEXT PAGE WHEN BEANY. 



o 

ERIC 









II 



J. 



Tam nml)er, n: I 2 5 4 5 • • • 

fem-value, 1 5 9 IJ . . . 

»«• f ; 1 6 15 28 • , . 

Can you write a fcnmila for f for this sequence? If you 
can, write it here. ^ • . You are supposed to find a 

formula for ___ If you don't know one, try to find a way to 

tell what ^ is for each value of n. You may use the for 

any scribhling you wish. Do you see a way? ( yes or no). 

TDIW PAGE APTEB ANSWE 3 UVG IN THE BLANEj. 



D 7 . 

Ansiifer: No ariswer for is provided for you on this page. 

#. 

Whatever you answered for the third blank is prob- 
ably correct, but if you said NO, keep trying to find 
a way. YOU CAN DO ITi 

GO TO THE NEXT PAGE WHEN HEADY. 







• • • 



Term number, n: 1 
Texm-vcJ.ue, T : 1 
Sum, L • ^ 



2 5 4 5 

5 9 15 . . . 

6 15 28 . . . 



*The desired formula for 2 !^ involved (2n-l) . Can you 
write a fomula for If fou can, writct it here. I? ■ 

You are to find a formula fci* 2? which involves . If you 
don't know a fomnila, tr to find a way to ge': 2i^ from knowledge 
of what 2n-l ia. Do yjvi see a way? , (yes or no). 






TUBN PAGE ANSWERING IN THE BLANKS. 



i> 5. 

Answer: No answer for£^ is provided for you on this page. 
2n-l 

V/hatever you answered for the third b’j.ank is pxob* 
ably correct, but if you 'iaid NO, kee|> trying to 
find a way. YOU CAN DO I?! 



GO TO THE NEXT PAGE WHEN READY. 



0 9 . 



TexB nusber, nt 1 



Tem-value, T : 1 
g 

Sum, £ t 1 



2 5 4 5 . . . 

5 9 15 . . . 

6 13 28 • . . 

The desired foxmula for ^ involves imiltiplioation of 2n-l. 
Can you now write a foxmula for£^? If you can, write it here. 

^ • > You are supposed to find a formula for ? idiich 

involves . If you don't know a fbxnula, 

txy to get one by multiplication of 2n*l« Oo you see a way ? 

(yes or no). 

TURN PAGE mm ANSWEBIHG IH THE BUIIKS. 



0 ). 

Answers S • (2n»l) x (n) or an equivalent. 
multiplication of 2n»l . 

VIhatever you answered In the third blank ie probably 
correct, but if you said NO, better ludk on the test. 



GO TO THE NEXT PAGE WHEN BEANY. 



o 













C I. Tern number, n: 1 

Term-value, T s 1 
n 



Sum, 



1 



2 

5 

4 



3 

5 

9 



4 

7 

16 



Your job is to find a formula for Can you write the 
formula for ^ as the product of an expression involving n and n 
itself? When n » 1, what times n gives » 1 ? When n • 3i 
times n gives ^ » 9 ? Let's make a table shoving these facts. 
Can you fill in the blanks? Try iti 



That number which when 
multiplied times n equals z 
1 



n 



1 

2 

3 

4 



1 

4 

9 



TURN PAGE AFTER ANSWERING IN ALL BLANKS. 



A 1. 

Answers 1 



That number which when 
ttttltiplied times n eoualai: 
1 
2 
3 

JL 




1 

4 

9 

16 




GO TO THE NEXT PAGE WHEN READY 



• • • 



9 ?. fwm nunber, nt 1 



ToiB-value, T^i 1 



2 3 4 5 

3 5 7 ... 

Sum, 1 4 9 16 .. . 

Can you coi^lete the table belov? Try it! 
That iihich when 

times equals • 



n 

T 

T 



TOni PAGE AFTER AHSWESING IN ALL BLANKS. 



2 . 

iinswers That number which when nultiplied 

n equals E • 

_ 

2 



1 

3 



NOTES T6 shorten the writing, let's replace the words, 
^hat number which when multiplied times n equals 



II 



with, "the multiplier of n« 



It 



GO TO TH.E NEXT PAGE WHEN REABY. 
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■l en n gnj. 



C 3« ^x» nuniber, nt 1 2 3 4 3 • 

Texm-value, T^t 1 3 3 7 • • • 

e“» 1 4 9 16 . . . 

The multiplier of n n 

1 1 

2 2 

3 3 




Bo you notice any relationship between the first two columns? 
If 3 is the second column number, what is the first column number ? 
How can you get the first column numbers from those in the second? 

If n stands for an 

arbitrary second column number (i*e«, any second column number vs 
have in mind), idiat is the corresponding first column number ? 



TURH TO THE HEXT PAGE APTER ANSMERING IH BLAHKS. 



6 3 . 

Answer: 5 

They*rs the samef An equivalent answer is ok.), 
n 



GO TO THE NEXT PAGE \4HEM RE4BI 



5 



Tem xuiuber, n: 

Term-value, T : 
n 

tv n 

bum, z • 



1 

1 

1 



2 5 4 
5 5 7 
4 9 16 









Can ycu produce the entire table we have been discuesing? 
Can you show in the table you construct bolcw that is some thing 
times n? Try it for n «* 1, 2, and 4* When n is the second 
column value, what is the fix*st column value ? Can you write Lhe 
formula for i?? ^ = x n « • 



TURK PAGE AFTER AKSVERIRG IN BLA1«7CS AKD I4AKING TABLE» 












Answer: Your table should look something likes 

(The multiplier of n) x (n) » 

1 X 1 « 1 

2 X 2 • 4 

5 X 5 » 9 

4 X 4 - 16 

If n is the second column value, the first column 
value is n. 



Z 



n 



n X n 




GC TO THE NEXT PAGE WHEN READY. 



Teim number, n: 1 2 5 4 ^ • 

Ten&> value, T : 2 6 10 14 • • • 

& 

Sum, r : 2 8 18 32 . . . 

Your job is to find a formula for Z . Can you write the 

foiHiulc. for as the product ol an expression involving n and n 

itself? Wlien n « 1, what tines n gives 2? When n - 3, what 

times n gives 5^ » 16 ? Let's make a table showing these facts* 

Can you fill in the blanks? Try it! 

The multiplier of n n 

2 12 

2 8 

T* 5 18 

4 _ 

TURN PAGE AFTER ANSWERING IN ALL BLANKS. 



4 



a 5. 

Answer: 2 



The multiplier of n 
2 

,4 

6 

0 



2 

8 

18 



GO TO THE NEXT PAGE WHRI^ READY 






• • # 



. Term number, n: 1 2 3 4 3 

Term-value, T t 2 6 10 I 4 . . • 

Sum, 2 8 18 32 . . . 

Can you coniplete the table below? Try it! 
The of n 

in 

m ~ ~ 

TURN PAGE AFTER ANSWERING IN THE BLANKS. 



% 3 . 

Aaswert Tho multiplier of n n 




GO TO THE NEXT PAGE WHEN BEADY. 



6 1- Term number, n: 1 2 5 4 3 . • • 

Term-value, T * 2 6 10 14 • . • 

Sum, Zz 2 8 18 32 . . . 

The nultiulier of n n 

2 12 

4 2 8 

6 3 18 

Bo you notice any relationship between the first two columns? 
If 3 is the second column number, what is the first column number ? 
Bow can you get the first column numbers from those in the second? 

If n stands for an arbitrary second column 
number, what is the corresponding first column number? 

TURN TO THE NEXT PAGE AFTER ANSWERING IN THE BLANKS. 



a 1. 

Answer: 10 

double then or multiply by 2 or an equivcQent 
2n s 2 X n 



GO TO THE NEXT PAGE WHQI REABI. 



9. Tam number, nt 1 2 3 4 3 • • « 

Tem-value, T_t 2 6 10 14 • • • 

Sum, Zt 2 6 16 32 • . . 

Can you produce the entire table ve have been diacuaaing? 
Can yeu show in the table you construct below that is something 
tines n? Try it for n « 1, 2, 3» and 4* Vhen n ia the second 
colunn value, what is the first column value ? Can you write 

the fomula for ■ x n « ♦ 



TDBH PAGE AFTER ANSUBOHG IV BLAVKS AND MAKING TABLE. 



8 3 . 

Answer t Your table should look something likes 

(The Bultlulier of n) x J[n} • 

2 X 1 - 2 

4 X 2 « 8 

6 X 3 - Id 

8 X 4 - 32 

If n is the second column value, the first column 
value Is 

e“ - ai X n • 2n^. 



00 90 IBB KZX9 FACE WHBt BBUHT. 



• • • 



6 .?• Ten miBber, n: 1 2 5 4 5 

Ten-v«lue, T i 1 3 9 13 • • • 

3ub, £ I 1 6 15 26 • • • 

Your job is to find a foinula for S • Can you write the 

formula for as the product of an expression involving n and n 

itself? When n » 1, what times n gives i = 1 ? When n « 5» 

what times n gives Z^ • 15 ? Let's make a table showing these 

facts. Can you fill in the blanks? Try it! 

The multiplier of n n Z^ 

1 11 

2 6 

5 3 15 

4 _ 

TURN PAGE AFTER ANSWERING IN THE BLANKS. 



6 



9. 

answers 1 



The multiplier of n 
1 





GO TO THE NEXT PAGE WHEN READY. 












m m 0 



10. Term number, n: 1 2 3 4 3 

Term- value, T i 1 5 9 13 • • • 

Sum, IT; 1 6 15 28 . . . 

Can you complete the table below? Try it! 

The of n 

_ _ _ 

H ” I 

TURN PAGE AFTER ANSWERING IN THE BLANKS. 






answer: The multiplier of n n 




^ 3 

JL -i- 




GO TO THE NEXT PAGE WHEN READY. 






^ il.TeiiD number, n: 1 2 3 4 3 • . • 

Term- value, T^: 1 5 9 13 • • • 

Sum, 1 6 15 28 . . . 

The multiplier of n n 

1 11 
3 2 6 

3 3 15 

Do you notice any relationship between the first two columns? 
If 5 is the second column number, what is the first column number ? 
How can you get the first column numbers from those in the second? 
Take 1 away from what times n ? If n stands for an arbitrary 

second column number, what is the corresponding first column number? 



TOBN PAGE AFTER ANSWERING IN THE BLANKS* 



Cl 



Ll. 



Answer: 9 

2 

2 X n - 1 « 2n-l 



GO TO TEE NEXT PAGE WHEN READY. 
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0 il2.TerQ number, n:l 2 ‘j 4 

Term- value, 1 5 9 13 • • * 

Sun. Z^i I 6 1^) 28 . . . 

Can you produce the entire table we have oeen di£» cussing? 
Can you shew in the table yoo construct belcv the; is something 
times n? Try it lor n • 1. 2 , 5» and 4* When n & the second 
column value, the first colauan value is one less t.^un vhat? 

Can you write the formula 1 'r f • x n. 



TURN PAGE Afl'ER ANSVrERING IN THE BLAliKU AND INKING TABLE. 



Qf "jlZm 

Answer Your table sh-juld look something like? 

(The multiplier of n) x (n) - £ 

1 X 1 *• 1 

3 X 2 =- 6 

5 X 3 - 15 

7 X 4 - 28 

If n is the ^=aond coliurr: value, the first oolvxan 
value is one .aas than ^ or (2n-i). 

if' = - -u 



GO 10 TES NEKT Ih WM REAXY. 
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Background 

One of the fundaMntal assuoptions underlying many of the 
nev matheDatica curricula la that diacovery methoda of teaching 
and learning increaae the atudent^a ability to learn new content* 

The laat decade of reaearch on diacovery learning, however, haa 
produced only partial and tentative aupport for thia contention. 

Even idiere the escperinenta have been relatively free of methodologi- 
cal defecta, the reaulta have often been incona latent. Hare particu- 
larly, the interpretation of reaearch on diacovery learning haa 
been made difficult by differencea in terminology, the tendency to 
compare identical groupa on a variety of dependent meaaurea, and 
vagueneaa aa to what ia being taught and diacovered. 

While moat diacrepanciea due to differencea in terminology can 
be reconciled by a careful analyaia of what waa actually done in 
the experlmenta and thua preaent a relatively minor problem, the 
failure to equate original learning haa often made it difficult 
to interpret tranafer (and retention) reaulta in an unainbiguoua manner. 
Thua, aeveral atudiea have ahown that rule- given groupa perform 
better on "near" tranafer teata than do diacovery groupa. The 
obtained differencea, however, may have been due to the fact that 
the diacovery groupa did not learn the originally preaented mater iala 
aa well aa the rule- given groupa. 

When the degree of original learning waa equated, Gagne end Brown 
found that their diacovery groupa were better able to derive new 
formulae than their rule (i.e* fonmila)-given groupa. They attributed 
thia reault to differencea in "what waa learned" but added that they 
were unable to apecify preciaely what theae differencea were. 

Uaing the Set-Function Language (SFL) aa a guide, Scandura 

propoaed an analyaia of diacovery learning that aeema to be in accord 

o 
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vlth experimental findings. The main point was that in order to 
succeeds discovery Ss must learn to derive solutions whereas solution* 
given Ss need not. In attaining criterion, discovery Ss may discover 
a derivation rule by which solutions to new, though related, problems 
may be derived. Under these circumstances, discovery Ss would be 
expected to perform better than expository £s on tasks which are within 
the scope of such a derivation rule. If the new problems presented 
have solutions beyond the scope of a discovered derivation rule, however, 
there would be no reason to expect discovery Ss to have any special 
advantage. 

ODJECnVES 

This study was concerned with two major cpiestions. First, can 
"idiat la learned" in mathematical discovery be identified and, if so, 
can it be taught by exposition with equivalent results? Second, how 
does "what ia learned" depend on prior learning and on the nature 
of the discovery treatment Itself? 

Assuming that transfer depends only on whether or not the 
derivation rule is learned, then the order in which the formulas 
(i.e. the solutions) and the derivation ruld STe presented should 
have no effect on transfer provided S actually learns the derivation 
rule. If, on the other hand, a discovery program simply provides 
an opportunity to discover and does not guide the learner through 
the derivation procedure, sequence of presentation might have a large 
effect on transfer. That is, if a capable and motivated subject 
is given appropriate hints, he migt^well succeed in discovering the 
appropriate formulas and in the process discover the derivation rule. 

It is not likely, however, that he would exert onicb effort when given 
an opportunity to discover a formula he already knew. 
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In particular, the folloiriiig hypothaaea vara nada. Plrat, vtiat 
vaa laamad by guldad dlacovary in tha Gagne and Droim atudy can 
ba praaantad by aipoaltion vlth equivalent raaulta. Second, pre- 
sentation order la critical vhan tha hints provided during discovery 
are specific to the respective fomilas sought rather than relevant 
to a general strategy (i.e. a derivation rule). Third, presentation 
order Is not critical idien the program effectively forces S to learn 
the derivation rule, regardless of vhether the learning takes place 
by exposition or by discovery. 

PBOCKDDBB 

The SFL was used as an aid In analysing the guided discovery 
programs used by Gagne and Drown and Eldredge to determine "what Is 
learned." As a result of this analysis, we were able to devise an 
expository statement of the derivation rule. We were also sble to 
determine, on an a priori basis, idilch kinds of transfer Item could 
be solved by using this derivation rule and which could not. 

There were seven treatments. Each consisted of a conmon Intro- 
ductory program followed by various combinations of four basic In- 
structional programs. The Introductory program was designed to generally 
familiarize the £s with number sequences and with the terminology 
used In the four basic programs. In particular, four concepts were 
clarified: sequence; term value, V. term nuniber, n; and sum of the 
first n terms i^f „a sequence 1". 

Each of the four basic Instructional programs was based on the 
same three avitfimetlc series and their respective summing formulas: 

1 + 3 + 5 + ... + (2n-l) — ^ n^; 2 + 6 + 10 + ... + (4n-2) )2n^; 

l*fS*f9'f... *1* (4n-3) (2n-l)n. Each series was presented as 

a. three-row display — e q. , 
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Teem mfld>er n : 1 2 3 4 • • • 

Term value T_: 2 6 10 14 • 

u 

Sun 2 8 18 32 ... 

The rule end exemple (R) program consisted of the three series 
displays together vith the respective suaming fonules* The presenta- 
tion of each summing formula was folloued by three application pi.x>blein8 

2 

— - e.g,, find the sum of 2 6 + 10 (**2«3 *18) • S was also reqfiired 

to write out each formula in both words and symbols, but no rationale 
for the formula was provided. 

The other three basic programs included differing kinds of 
directions end/or hints as to how the summing formulas might be 
determined. The expository (B) and (highly) guided discovery (G) 
programs were based on a simplified variant of that derivation rule 
presumably learned by the guided discovery Ss in the Gagne end Drown 
study. 

The E program consisted of a simplified statement of the deriva- 
tion rule as it applied to each of the three training series. To 
insure that 8 learned how to use the derivation rule, a vanishing 
procedure was used which ultimately required S to apply the procedure 
without any instructions. The G program paralleled the B program 
in all respects. The only difference was that the G program consisted 
of questions whereas the B program consisted of yoked direct stetements, 
each followed by a parallel question or completion statement to see 
whether S had read the original statement correctly. The only difference 
between the E and G programs was whether the information was acquired 
by reception or by reacting to a question (i.e., by discovery). 

The discovery (D) program, on the other hand, simply provided 
S with an opportunity to discover the respective summing formulas. 

S was guided b questions and hints which were specific to the formulas 
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Iwolved rathar than relevant to any general strategy or derivation 
rule. The queationa and hints vere interspersed with liberal 
■Bounts of encouragenent to provide activation. 

There were two transfer testa. The within* scope transfer tert 
consisted of two new series dlaplaya which could be solved by the 
identified derivation rule. The ewtra* scope transfer test Involved 
series which, strictly speaking, were beyond the scope of the Identified 
derivation rule. A series of hints paralleling those used In the D 
program were constructed to acconpaiqr each test series. 

The naive Ss were 105 (103 females) Junior and senior eleaientary 
education majors enrolled In required mathematics education courses 
at the Florida State University. Participation was a course require- 
ment. 

The Ss were randomly assigned to the seven treatment groups. In 
addition to the common Introductory program, the rule-given treatment 
group (R) received only the R program. The other six treatment 
groups received the R program together with one of the other three 
basic instructional programs. The RE, R6, and RD groups received 
the R program followed by the E (expository), 6 (guided discovery)^ 
and D (discovery) programs, respectively, while the ER, 6R, and DR 
groups received these same respective programs In the reverse order. 

The Ss were scheduled to come to the experimental room In groups 
of four or less and were arranged at the ends of two tables which 
were partitioned to provide separate study carrels. A brief quia 
was used to screen out any Ss who were already familiar with nuod^er 
series and/or formulas for summing them. They were then given the 
Introductory and treatment booklets and the necessary instructions 
for working through the two programs. The Ss worked at their own 
rate. E recorded the timiiB taken In the Introductory and treatment 
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booklets* 

As soon ss all of tbs Ss in tbs testing group bsd conpleted tbe 
treataent progrsos, they uere told to review for a test. After 
two minutes, tbe booklets were collected and the tests and hint 
cards were presented. The Ss were given instructions to the effect 
that they would be timed, that they would be told whether a psrticu* 
lar answer ww correct or not end that they could use the hints 
after 5 minutes. It was enphssised that the fewer hints used, the 
better the score, before continuing on to the second problem, 
each S read all of the hint cards pertaining to the first problem^ 
etc. If an S solved a problem before the others, he was allowed 
to read the rest of the hints for that problem and, then, was 
required to wait for the others to finish. 

Three indices of performance on the transfer tasks were obtained: 
(1) time to solution, (2) number of hints prior to solution, and 
(3) a weighted score. The weighted score was equal to the time to 
solution in minutes plus a penalty of 4, 7, 9, or 10 depending on 
whether S used 1, 2, 3, or 4 hints, respectively. 

RESULTS 

All treatment groups performed at essentially the same level 
on the introductory program, both in terms of time to completion 
and number of errors. 

The results on the within-scope transfer test conformed to 
prediction. Irrespective of the transfer measure used, the group 
(R) given the formula program only and the group (RO) given the 
formula program followed by the opportunity to discover program 
performed at one level, while the other five groups performed at 
a comnon and significantly higher level. In particular^ only that 
sequence effect involving groups RD and DR was significant. 
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While there were nc overall treatment dlfferencea on the extra* 
scope transfer test, the contrast between groups R and RD and groups 
DR, RG, GR, RE, and ER attained a borderline significance level. 
There were, however, no reliable performance differences between: 

(1) the guided discovery (RG and GR) groups and the exposition 
(RE and ER) groups, (2) those guided discovery and exposition 
groups (RG and RE) given the formulas first and those groups .(^ 
and ER) given the formulas last, (3) the opportunity to discover — 
formula*given (OR) group and the four guided discovery and ex- 
position groups, or, most critically, (4) between groups DR and 
RD. 

These transfer effects can not be attributed to differences 
in original learning. A learning test embedded within the common 
R program indicated that the Ss had well-learned the appropriate 
summing formulas to the three training series before they took 
the transfer tests. 

COHaOSIOW AND IMPLICATIONS 

TWO points need to be emphasized. Firsts "what is learned" 
during guided discovery can at least sometimes be identified and 
taught by expos it ion- -with equivalent results. While this con- 
clusion may appear somewhat surprising at first glance, further 
reflection indicates that we have always known it to be at least 
partially true. As has been documented in the laboratory 
as well as by innumerable classroom teachers of mathe- 
matics, it is equally possible to teach rules (e.g. , n ) by expo- 
sition and by discovery. No one to our knowledge, however, had ever 
seriously considered identifying "what is learned" in discovering 
rules in addition to the (discovered) rules themselves. In the 
present study, we were apparently successful in identifying a 
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derivation rule— i.e«, a rule for deriving first order rules. No 
differences in the ability to derive new (vithin-scope) formilaa 
(i.e.» first order rules) could be detected between those Ss idio 
discovered a derivation rule and those idio were explicitly given 
one. 



What we did do in this study was to consider the posai* 
bility that our discovery Sa have acquired a still higher order 
ability— namely, an ability to derive derivation rules . A strictly 
logical argument would seem to indicate that an indeterminate nunf>er 
of higher order abilities might exist. As soon as one identifies 
"what is learned" by discovery in one situation, the question 
Imiiediately arises as to whether there is some still higher order 
ability which makes it possible to derive the identified knowledge. 
In so far as behavior is concerned, of course, it is still an open 
question idiether such higher order derivation rules do exist in 
fact. Whether they do or not, there are undoubtedly a large number 
of situations where, because of the complexity of the situation, 
"what is learned" by discovery may be difficult, if not inq>ossible, 
to identify. In these situations, there may be no real alternative 
to learning by discovery. 

Nonetheless, intuition-based claims that learning by self- 
discovery produces superior sbility to solve new problems (as com- 
pared with learning by exposition) have not withstood experimental 
test. The value to transfer ability of learning by discovery does 
not iq^pear to exceed the value of learning by some forms of expo- 
sition. Apparently, the discovery myth has come into being not 
so much because teaching by exposition is a poor technique as such 
but because what has typically been taught by exposition leaves 
much to be desired. Before definitive predictions can be made, 
careful consideration must be given to "what is learned," the 
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nature of the transfer items, and the relationships between them. 

As we identify just what it is that is learned by discovery in a 
greater variety of situations, we shell be in an increasingly better 
position to impart that same knowledge by exposition. 

The second point to be emphasised concerns the se«ptence effect— 
if a person already knows the desired responses, then he is not 15.kely 
to discover a higher order rule by idiich such responses may be derived. 
An extrapolation of this result suggests that if S knows a specific 
derivation rule, then he may not discover a still higher order deriva- 
tion rule even if he has all of the prerequisites and is given the 
opportunity to do so. The reverse order of presentation may enhance 
discovery withoug making it more difficult to learn more specific 
rules at a later time. In short, prior knowledge may actually inter- 
fere in a very substantial way with later opportunities for discovery. 

Why and how sequence affects "what is learned" is still open to 
speculation. In attempting to provide some clarification, 

Guthrie has suggested that rules in verbal learning are analogous 
to the unconditioned stimuli in classical conditioning, while not 
giving rules results in behavior more closely approximate to that 
observed in operant conditioning. Unfortunately, the analogy is a 
poor one. Not only does it provide little in the way of explana- 
tion, but the analogy itself is incorrect. To insure learning, 
for example, unconditioned stimuli must appear contiguously or shortly 
after the to-be- conditioned stimuli; yet, in learning rules by expo- 
sition, the rules (i.e., the "unconditioned stimuli") are presented 
first and then the stimulus instances (i.e., the "conditioned stimuli"). 
Perhaps idiat Guthrie means is that once learned , rules may act in a 
manner similar to the reflexes of classical conditioning. Rules 
(and reflexes) "tell how to get from where to where"; eliciting 
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stinuli only provide the occaeion for such actions. Yonge 
has offered a aore reasonable explanation in terms of the total 
structure of prior experiences, but it was formulated in relatively 
imprecise cognitive terms. 

Our oim interpretation is as follows. When S is presented with 
a stimulus and is required to produce a response he does not already 
know, he necessarily must first turn his attention to selecting a 
rule by idiich he can generate the appropriate response. In effect, 

S must adopt a secondary goal (i.e., find a rule) before he can hope 
to obtain his primary one (i.e., find the response). To achieve 
this secondary goal, S is forced to come up with a derivation rule, 
which might well be adequate for deriving other rules in addition 
to the one needed. The kind and amount of guidance given would pre» 
sumably help to determine the precise nature of the derivation rule 
so acquired. On the other hand, if S already knows the response, 
it is not likely that he will waste much time trying to find 
another way to determine that response. Under these conditions, 
the only way to get S to adopt a secondary goal is to change the 
context. Presumably, the expository and guided discovery Ss in 
this study learned the derivation rule because this appeared to be 
the desirable thing to do. Some such mechanism may prove crucial 
to any theory based on the rule construct and framed in the SFL 

The obtained sequencing result may also have important practical 
implicatiins, as will be attested to by any junior high school mathe- 
matics teacher who has attempted to teach the "meaning" underlying 
the various computational algorithms after the children have already 
learned to compute. The children must effectively say to themselves 
something like, "1 already know how to get the answer. Why should I 
care why the procedure works?" Similarly, drilling students in their 
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miltlplicati *n facts before they know what it means to multiply, 
may Interfere with their later learning what multiplication is. 

Let me make this point clear, because it is an important one. We 
are not saying that we should teach meaning first simply out of some 
sort of dislike for rote learning— for certain purposes rote learning 
may be quite adequate and the most efficient procedure to follow. 

What we are saying is that learning such things as how to multiply, 
without knowing what multiplication means, may actually make it more 
difficult to learn the underlying meaning later on. 
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